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FAMILIES OF ABELIAN VARIETIES
BY
ALLAN ADLER

ABSTRACT. In this paper, we investigate antiholomorphic involutions of
Kuga-Satake analytic families of polarized abelian varieties V. A complete
set of invariants of the Aut(¥)-conjugacy classes of antiholomorphic invo-
lutions of ¥ is obtained. These invariants are expressed as cohomological
invariants of the arithmetic data defining V. In the last section, the fibre
varieties of Kuga-Satake type belonging to totally indefinite quaternion
division algebras over totally real fields are investigated in more detail, and
the cohomological invariants are related to results of Steve Kudla. The
group of holomorphic sections of V is computed for this case. It is also
shown that in general the fibre structure of V is intrinsic.

Introduction. In this paper, we investigate antiholomorphic involutions of
certain analytic families of abelian varieties parametrized by compact local
Hermitian symmetric spaces. One first observes that such an involution must
be fibre preserving and therefore induce an antiholomorphic involution of the
parameter space, which is an invariant of the original involution. By means of
this observation, one can reduce the problem to that of describing anti-
holomorphic maps between complex tori, which is easily solved. Namely,
every antiholomorphic map between complex tori is an antiholomorphic
homomorphism followed by a translation. As one varies over the parameter
space, one obtains an “analytic family of antiholomorphic homomorphisms”,
and an “analytic family of translation parts”. These are classified by certain
cohomological invariants of the data defining the fibre variety which, together
with the involution induced on the parameter space, constitute a complete set
of invariants. In Chapter II, we obtain a necessary and sufficient condition
for the existence of an antiholomorphic involution of a fibre variety with
prescribed invariants (Theorem 1). In Chapter IV, we specialize our results to
the case of analytic families of abelian varieties belonging to totally indefinite
quaternion division algebras over totally real number fields. In this case, the
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70 ALLAN ADLER

invariants have a natural description in terms of the division algebra, and the
existence theorem specializes to an arithmetic criterion for the existence of
involutions with prescribed invariants (Theorems 2 and 3).

In the course of determining some of these invariants, we have had to
compute the group of holomorphic sections of these fibre varieties. This is
done at the end of Chapter I and Chapter IV and yields an interesting class of
algebraic cycles on the fibre-variety.

This paper was presented to the Mathematics Department of the State
University of New York at Stony Brook in December of 1973 as the author’s
doctoral dissertation. The problem arose from a conversation between Michio
Kuga and John Millson. Millson observed that the intrinsic theory of
arithmetic groups acting on non-Hermitian symmetric spaces was much
poorer than the theory for Hermitian symmetric spaces, but that it might be
enriched by borrowing from the latter. He proposed that one investigate the
equivariant embeddings of non-Hermitian symmetric spaces into Hermitian
symmetric spaces and the restrictions to non-Hermitian symmetric spaces of
holomorphic automorphic forms on the ambient Hermitian symmetric space.
Professor Kuga reformulated the problem as the study of antiholomorphic
involutions on Hermitian symmetric spaces and of the function fields of the
corresponding real algebraic varieties. Approaching the problem rather
optimistically, he anticipated that if one could develop a satisfactory
arithmetic theory of automorphic functions for non-Hermitian symmetric
spaces, its success would be entailed by the study of real forms of the objects
which had guaranteed the success of the theory in the Hermitian case. These
objects were, in the Hermitian case, the arithmetic quotients of bounded
symmetric domains which could serve as moduli spaces of abelian varieties
with additional structures. Ancillary to their study is the study of Hermitian
symmetric spaces and the groups which act on them, while what is essential to
the theory of canonical models of arithmetic quotients of bounded symmetric
domains is the analysis of fibre systems of abelian varieties. And one is
rewarded for one’s trouble with the means of generating abelian extensions of
totally imaginary quadratic extensions of totally real number fields. By
introducing antiholomorphic involutions into theory, one might hope to have
a similar theory of the abelian extensions of totally real number fields, using
real forms of the canonical models. The study of these real forms would
naturally involve the study of real forms of Hermitian symmetric spaces, and
one might anticipate that the success of the theory would depend on studying
the real forms of the fibre systems of abelian varieties.

Accordingly, Professor Kuga asked his students Harris Jaffee, Steve Kudla,
and myself to study these problems for our theses. Harris Jaffee studied the
antiholomorphic involutions of Hermitian symmetric spaces [5]. He obtained
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a complete list of the conjugacy classes of antiholomorphic involutions of the
classical bounded symmetric domains as well as of their fixed point sets.
Subsequently, he extended his results to the exceptional domains as well.
Steve Kudla [4] studied the real forms of arithmetic quotients of a product of
upper half planes belonging to a totally indefinite quaternion algebra over a
totally real number field. In the case where the arithmetic group I' consists of
all units of norm one of a maximal order of the division algebra, he obtained
an explicit formula for the number of antiholomorphic involutions. This
formula also gives the order of a nonabelian cohomology set H'(Z/2Z, T)
and can be used to give explicit formulas for the results of Chapter IV of this
paper. My task was to study the real forms of fibre systems of abelian
varieties of Kuga-Satake type; the results of my investigations form the
content of this paper. Hence, this paper may be said to derive from a
suggestion of John Millson as well as from the rich legacy of the work of
Shimura on complex multiplication and the arithmetic theory of automorphic
forms. While we are happy to acknowledge the inspiring role which Shimura’s
contribution has played in our work, we are nevertheless obliged to report our
disappointment that our acknowledgment is not a greater tribute to Professor
Shimura. For although each of Professor Kuga’s students solved the problem
which was posed to him, the solution of these problems has not played any
role in the construction of class fields over totally real fields. Were it
otherwise, our results would be a worthy tribute to Professor Shimura.

After we had finished our dissertations, we learned that Professor Shimura
[7] and his student Professor Shih [8] had been led by entirely different
considerations to examine the problems of antiholomorphic involutions of
abelian varieties and of bounded symmetric domains. They were concerned
with the existence of rational points on abelian varieties and on arithmetic
varieties, and observed that if such a variety admitted an antiholomorphic
involution which had no fixed points, the corresponding real algebraic variety
would have no real points and a fortiori no rational points.

CHAPTER 1. KUGA’S FIBRE VARIETIES

1. Let W be a vector-space of dimension 2n over the field R of real
numbers, let W= W ®, C denote its complexification, and let Gr(W)
denote the Grassmann manifold of complex n-planes P in W.

If X is any complex manifold and if ¢ is a holomorphic mapping of X into
Gr(W), then ¢ determines a holomorphic vector-bundle B(¢) over X in the
following way. The total space E, of B(¢) consists of all pairs (x, v)
belonging to X X W for which the vector v belongs to the n-plane ¢(x), and
the projection mapping E, —™ X is given by 7 (x, v) = x. The addition and
scalar multiplication are defined by the rules (x, v,) + (x, v) = (x, v; + vy),
¢ (x, ) = (x, cv).
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2. By a complex structure on the real vector space W, we mean a linear
endomorphism of W such that J2 = —1,,. If J is given, we can define on W
the structure of a complex vector space by the rule (a + bi)-v=a-v +
bJ(v), for a,b € R and v € W. We will denote by (W, J) the complex
vector-space so obtained.

If J is a complex structure on W, then its C-linear extension to W satisfies
J?=1,,, and we can write Wc = W;* ® W,", where W,* is the i-eigen-
space of J and W, is the —i-eigenspace of J. W,* is a complex n-plane in
W¢ canonically associated to the complex structure J, and we say W,"
belongs to J.

It is easy to see that the mapping w — w — iJ (w) defines an isomorphism
of x,(W, J) onto W,*.

3. Suppose we are given a nondegenerate skew-symmetric bilinear form B:
W X WR. Denote by J(p the set of all complex structures J on W for
which the bilinear form S;: W X W — R defined by S,(x,y) = B(x, Jy) is
symmetric and positive definite.

We have a canonical injection k: ¥z — Gr(W,) given by J>k(J) = W,;*
which maps J(; onto an open subset of the manifold of n-planes totally
isotropic for B. Thus, J(; has a natural structure of complex manifold for
which the mapping « is holomorphic.

4. Let X be a bounded symmetric domain and let T be a group acting
holomorphically and properly discontinuously on X. Suppose that T'\ X is
compact.

Let @y: X - 3z be a holomorphic mapping, and let ¢ = k o @p: X >
Gr(W¢). By the results of §1, ¢ determines a holomorphic vector-bundle
B(9) = (E,, m,) over X. The fibre m_ (x) is just {x} X @(x).

Using the remark at the end of §2, we define, for every x € X, a complex
linear isomorphism A : (W, @y(x)) — @(x) by the rule A (v) = v — ipy(x)(v).

Let L be a lattice in W such that B is integer valued on L X L. Let
Aut(W, B, L) denote the group of all linear automorphisms g of W such that

(ML) = L.

(2) B(g(x), g(y)) = B(x,y)forallx,y € W. )

Let p: I' - Aut(W, B, L) be a representation. Let I' denote the semidirect
product of T and L via p. Explicitly, I = T' X L with the group law defined

by (v1, 1)) - (2 1) = (v Y2 1y + p(Y)()-
We require that for x € X and y €T, we have ¢yy- x) =

p(Y) ° @o(x) © p(y)~". It follows that ¢(y - x) = p(YN(@(x))-

We define an action of I on E,, by the rule (v, /)- (x,0) = (v x, AL+
p(y)(v)). It is straightforward to verify that in this way I" acts holomorphically
and properly discontinuously on E,,.
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Denote by ¥ the complex manifold I\ E, and U the complex manifold
T\ X.
For ¥ = (y, /) €T, the diagram

Y
Eq, - Eq,
l«"tp l"”qz
X - X

is commutative. It follows that 7, induces a holomorphic mapping V' —" U.

Denote by V II ¥V the set of all ordered pairs (v,, vy) such that #(v)) =
7(v,). For (v}, v,) € V 11 ¥V, we can unambiguously define 7(v,, v,) to be
m(v)) = m(vy).

The addition in E, determines a mapping +: v II v—v which is
holomorphic, and the O-section of E, determines a holomorphic section 7:
U — V. Finally, the map (x, v)=(x, — v) of E, determines a holomorphic
mapd: V- V.

In this way, the sextuple (V, m, U, +, 1, @) can be viewed as an analytic
family of compact complex Lie groups. Moreover, for each x € U, 7~ '(x)
has the structure of a polarized abelian variety.

Henceforth we will denote by F, the fibre 7~ !(x).

5.~We recall now, for future reference, the following fact which is proved in
[1). T acts on X X W by the rule (y, /)(x, u) = (y- x, I + p(y) - w).

LEMMA. There is a unique structure of holomorphic vector-bundle on X X W
such that T acts holomorphically and such that for all x € X, the complex
structure induced on the vector-space {x} X W is @y(x).

Actually, we have essentially already proved the existence, for the mapping
A: X X W E,_given by (x, w) - (x, A,(w)) is a bijection which induces on
X X W the desired structure. For the uniqueness, see [1].

6. As we noted in the construction of ¥ in §4, the group I acts
holomorphically and properly discontinuously on the space E,. Therefore, the
subgroup T of T' acts holomorphically and properly d1scontmu0usly on E,
and we denote by V'* the quotient space I' \ E,. The projection mapping ,:
E, — X commutes with the action of I on these spaces, and therefore mduces
a mapping 7*: V* - U. The pair (V¥ #¥) is a holomorphic vector-bundle
over U. It is proved in [1] that for all g, H?(U, V*) is canonically isomorphic

to HI(T, W).

7. The mapping A: X X W— E, constructed in §5 maps X X L onto a
subspace A of E,. If is evident that A is a complex submanifold of E,
invariant under the action of T. Denote by A the quotient space T'\ A, whlch
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we view as a subspace of V*. A is a sheaf over U. It is proved in [1] that for
all g, H4(U, A) is canonically isomorphic to H(T', L) and that the diagram
HY (U A - HU, V“)
) )
H? (r, L) -> H? (r’ W)

is commutative, where the horizontal arrows are coefficient homomorphisms
and the vertical arrows are canonical isomorphisms.
In particular, we have H?(U, V¥ = HY(U, A) ® R.

8. In this section, we compute the group = of sections of the fibre variety :
V- U.

In the category of analytic families of complex Lie groups over U, the
sequence

0->A—> V*5 V—0isexact, (*)

where ¥* — V is the natural mapping I'\ E, — I\ E,.

Denote by V* the sheaf of germs of holomorphic sections of ¥'*, and by V
the sheaf of germs of holomorphic sections of V.

As we noted in §7, A is already a sheaf. Then the sequence (*) determines
an exact sequence

05A> VS5V 50 (*#)

of sheaves over U.
We therefore have an exact cohomology sequence

0> HO(U, A) - H*(U, W) H°(U, ¥) > H'(U, A) > H' (U, ).
Of course, H(U, V) = =.
Using the isomorphisms described in §§6-7, we have that
0— HO(T, L)—» H°(T, W) >EZ> H'(T,L)» H'(T, W)

is exact.
The kernel of H!(T, L)— H'(T, W) is just the torsion subgroup
H\(T, Ly°* of H\(T, L) so that we obtain the following exact sequence

H°(T, W)
_— ——

HO(T, L)
This sequence splits since H%T, W)/ H°T, L) is divisible
HO(T, W)

T H(T, L)
In all the cases we will consider, HYT, W) = 0, so that = = H'(T, L)"".

—EZ - H'(T, L)"-0.

fa

X H'(T, L)"".



ANTIHOLOMORPHIC INVOLUTIONS 75

Moreover, since the group T is finitely generated, so is the group H (T, L)*"™.
Therefore, for suitable N, H'(T, L) consists entirely of N-torsion.

From the exact sequence of I'-modules 0 » L —»" L - L/NL -0, we
have the coefficient sequence

HO(T, L) H°(T, L/NL) SH' (T, L) 55 H' (T, L).

Since we have H°T, L) =0, and the image of & is the N-torsion in
H'(T, L), we conclude that

Z=H"(T,L)*"= H°(T, L/NL). (++%)

9. The elements of = determine algebraic cycles in V. It would be
interesting to study the homological properties of these cycles. For example,
when do two elements of = determine homologous cycles?

We can describe these cycles explictly in a way which sheds more light on
the isomorphism = = HYT, L/NL). Let ¢ € L be an element which repre-
sents an element of H(T, L/NL), so that p(y)- (c) = ¢ (mod NL) for every
y € I'. Then p(y)(c/N) = ¢/N (mod L) for everyy € T.

It follows that there is a uniquely determined section w of ¥ such that the
diagram

X —>X><{c/N}<;XxWi> E,
y l
U > v

is commutative. Then w and ¢ correspond to each other under the
isomorphism (###).

10. We say that a holomorphic mapping f: ¥ — ¥V is an endomorphism of
V if mef=x and if for every x € U, f induces on the fibre F, an
endomorphism of that complex Lie group. If f is bijective, we say it is an
automorphism of V. The set of all endomorphisms of ¥ forms a ring End(V),
which we will always view as operating on ¥ from the right. The group of
units of End(¥) consists of the automorphisms of C, and is denoted by
Aut(¥).

CHAPTER II. EXISTENCE OF COMPLEX CONJUGATIONS

1. Let M and N be complex manifolds, and let f: M— N be a
differentiable function. We say f is antiholomorphic if df: T(M)— T(N)
induces conjugate-linear maps on the tangent spaces to M.

The following proposition is well known, but for the sake of completeness,
we will give a proof.
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PROPOSITION 1. Let M and N be complex tori and let f: M — N be an
antiholomorphic mapping. Then there is a unique element b € N and a unique
antiholomorphic homomorphism C: M — N such that for all x € M we have
f(x)=C(x) + b.

PrOOF. We may as well write M = M/L, N=N /Ly, where M, N are
complex vector spaces and L, and L, are lattices in M and N respectively.
We can identify M and N with the universal covering spaces of M and N
respectwely We can therefore cover f with an antlholomorphlc mapping f:
M — N. For each A € L, and each z € M, f(z + A) and f(z) represent the
same point of N. Therefore, there is a point ¢(}, z) € L such that flz+ N =
f(2) + (A, z). Since ¢ is continuous with respect to z and L, is discrete, ¢
must actually be independent of z, so we can write (A, 2) = q;()\)

Then for all A € L, and z € M, we have df(z + ) = df(2), so that df:
M —>Hom(M N) is a periodic antiholomorphic function with period L,.
Therefore df is constant. This proves that f is of the form C + b, where
b € N and where C: M — N is a conjugate-linear mapping. The proposition
follows at once. Q.E.D.

By a complex conjugation of a complex manifold M, we mean an anti-
holomorphic involution of M, i.e., an antiholomorphic mapping f: M - M
such that f o f = 1,,.

2. Let ¥ >" U be a Kuga fibre variety, that is to say, a fibre system of
abelian varieties over U of the type discussed in §4 of Chapter I. Our purpose
is to study the complex conjugations of V.

Let us begin by remarking that a complex conjugation ¢ of ¥ must preserve
the fibres of . To see this, let x € U. Let f: F, - U be the restriction of
7 o0 to F,. f is antiholomorphic and is induced by an antiholomorphic
mapping f of the universal covering space of F,, which is a complex vector
space, into the universal covering space of U, which is X. Let g: X — X be an
antiholomorphic isometry. Then g © f is a bounded holomorphic function on
a complex vector-space and is therefore constant. It follows that f must be a
constant map, say, f(u) =y € U for all u € F,. Then f maps F, into F,
which proves our assertion.

Let 0 be a complex conjugation of V. Since these fibres of 7 are in 1-1
correspondence with the points of U, o induces a function g5: U — U such
that the diagram

(4

V - VvV
7 AR
%o
U - U
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is commutative. Thus, o(F,) = F,,, for all x € U. We can write
Gy ° T ° g, ° 1, so that g, is antiholomorphic.

For every x € U, F, is a complex torus, and ¢ induces on F, an anti-
holomorphic mapping of F, into F,,,. Applying the proposition of the
preceding section, we conclude that for each x € U, there is a unique element
b, of F,, and a unique antiholomorphic homomorphism C,: F, — F,,,
such that for all u € F,, we have (1) = C, (u) + b,.

We can therefore define a function b: U — ¥ and a function C: V — ¥ by
the rules

b(x) = b, =0 °n(x)

and C(u) = C,(u) = + ° (o6(u), 8 ° b o w(w)), if m(u) = x.

It is evident from the descriptions that b and C are antiholomorphic, and
we haveo = C + (b ° 7).

For u € V, if we put x = 7(u), we have

u=o6*(u) = C*(u) + C(b,) + Byy(x)-
In particular, if u = n(x), we get

n(x) = C(b,) + byyx)
which we can rewrite as
C°b=—b°00. (1)
For arbitrary u, therefore, we have
u=C*(u) + n(x) = C*(u),

so that C is also fibre preserving complex conjugation of V.

We call C the homomorphism part of o and b the translation part of o.

In order to classify complex conjugations of V, it is therefore sufficient to

classify all possible C’s (i.e. all those which leave the image of 1 invariant),
and then to find all b’s which, for a given C, satisfy (1).

3. The first invariant of the complex conjugation ¢ is the complex conju-
gation o, of U. As we noted above, the homomorphism part C of ¢ is also a
complex conjugation of ¥ and it induces the same complex conjugation on U.
It is natural to try to determine those complex conjugations of U which are
obtained in this way.

Let oy be any complex conjugation of U, and let 6, be a lifting of g, to an
antiholomorphic mapping from X to itself. Then 62 is a holomorphic covering
transformation of X over U, and therefore can be identified with an element
Yo of T'. Moreover, the mapping y-> G,yd, ' defines an automorphism of T.
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THEOREM 1. A necessary and sufficient condition for the complex conjugation
6, of U to be induced on U by a complex conjugation of V is that there exist a
linear transformation A: W — W with the following four properties:

(1) 4% = p(vo)-

(2) A normalizes p(T) and induces on T the automorphism y — Goyég .

3 AL) =

(4) For every x € X, we have A © gy(x) = — @(6¢(x)) ° A.

PROOF. By the results of §2 of this chapter, we may as well require that g,
be induced by a complex conjugation preserving the image of 7.

As we noted in §5 of Chapter I, there is a unique structure of holomorphic
vector-bundle on X X W — X such that I acts holomorphically on X X W
and such that the complex structure induced on the vector-space W is gg(x).

The mapping A defined in that section determines a holomorphic
isomorphism of that vector-bundle onto E, which is compatlble with the
action of T'. Therefore, we may view X X W with this T-action and complex
structure, as the universal covering manifold of V.

Now suppose that C is a complex conjugation of V preserving n and
inducing o, on U. Then there is a unique lifting of C to an antiholomorphic
mapping C: X X W — X X W such that the diagram

XXW S xxw
l l

x 3 x
is commutative and such that for every x € X, C induces a real-linear
transformation of the vector-space {x} X W onto {Gy(x)} X W. Therefore,
we can write C in the form C(x, u) = (64(x), A, u), where A,: W— W is

R-linear. If ¥ € T, then C§C is a holomorphic covering transformation of
X X W over V, and therefore belongs to I.In particular, C? belongs to T,
and for every 7 € ', C§C ~! = (C5€)C ~2 belongs to T'. Actually, if we write
©2 = (y, I), we must have y = Yo and /, = 0, since C covers 6, and preserves
the O-section.

Therefore, C2 = (y,, 0) and ¢ normalizes T'. Since € normalizes T, it
follows that for any /, € L, we can find (y,/) € T' such that C(0, /) =
(. DC.

For any x € X, we have

C (0, )(x, 0) = C (x, 1) = (6o, A:(h)),
(1, )€ (x, 0) = (¥, I)(Gox, 0) = (¥¢» ),
50 that (Gox, 4,(Ip) = (Y60, I)-



ANTIHOLOMORPHIC INVOLUTIONS 79

Therefore ¥ = 1 and A4, (/) = /, independently of x. Since L contains a
basis for W over R, it follows that the transformation A4, is independent of x.
Therefore, we can write 4 = A,. This is the linear transformation we are
looking for.

What we have shown is that 4(L) C L.

Since C2 = (y,, 0), for every (x, u) € X X W we have

(Yox, P(¥o)()) = C?(x, u) = C (Gox, A(u))
= (38x, 47(w)) = (Yox, 4*(w)),
so that 42 = p(y,), which proves (1).

Since A(L) C L, we have L = p(yo((L) = AXL) C A(L) C L, so that
A(L) = L, which proves (3).

For y €T, we can find (v, /) €' 3 €(y,0) = (v, ,)C, since C
normalizes I. Then for (x,u) € X X W, we have C(y, 0)(x, u) =
C (yx, p()u) = (Govx, Ap(r)®) and (vy, NC(x, 1) = (1, [N Gox, A(w)) =
(7160x, I, + p(y,)A(u)). Therefore, we have (6,yx, A ° p(Y)(w)) = (,60x, {;
+ p(~) c A(uw) for all (x, u) € X X W.

Thus we have

@15 =0,

® v = 60760_1,

(©) 4 ° p(y) > 47" = p(35¥55 "),
which proves (2).

Finally, since € is antiholomorphic, the linear mapping (W, (x)) —
(W, @o(64(x))), given by u > A, must be antiholomorphic as well, i.e. it must
be conjugate linear. Therefore, we must have 4 o @y(x) = — @(G(x)) ° 4
for all x € X, which proves (4).

Conversely, suppose we are given a linear mapping 4: W — W satisfying
conditions (1)~(4). Define the mapping C: X X W— X X W by the rule
C(x, u) = (6yx, A(u)). Then C ~'is given by € ~!(x, u) = (65 'x, 4 ~'(u)).

By (1), C? = (vy 0) ET. If (y,1) €T, then for all (x,u) € X X W we
have C (v, I)C ~\(x, u) = (6,¥65 x, A(I) + A4 ° p(y) > A~ ().

By (2), we have 4 ° p(y) ° A~! = p(6,¥d5 "), and by (3), 4(/) € L, so that
the right-hand side of the above equation becomes

(60760' Y, A(l) + p(&o'y&o“)(u)) = (80765 s A(1))(x, u);
S.Co(p,1)eC'eT,
so C normalizes T".

Since €2 € T, we conclude that C induces on ¥V a differentiable mapping

C: V — V such that C2 = 1,.. Obviously, C preserves the fibres of = and the

image of n. Moreover, C must induce the complex conjugation 6, on U. It
only remains to prove that C is antiholomorphic.
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Denote by N the manifold X X W with the complex structure described in
§5 of Chapter I, and denote by M the manifold X X W with the unique
structure of complex manifold for which the mapping C: M — N is anti-
holomorphic. We only have to show that M = N, i.e. that these complex
structures coincide. Let ¢ denote the almost complex structure on X X W
determined by the complex manifold N, let ¢’ denote the almost complex
structure on X X W determined by the complex manifold M, and let &,
denote the almost complex structure on X.

It is easy to see that $’ = — dC ' ¢ o dC. In view of the uniqueness
part of Lemma 1 of §5, Chapter I, in order to prove that M = N, or what is
the same, that §’ = §, we only have to verify that the almost complex
structure §’ has the other properties described in that lemma. This offers no
difficulty, although the argument is somewhat tedious. The details are left to
the reader.

4. Let C be a complex conjugation of ¥ which preserves the fibres of , the
image of n, and which induces the complex conjugation o, on U. The purpose
of this section is to describe the set of translation parts b which are compat-

ible with C.
In order that b: U — V be a translation part, it is necessary and sufficient

that b be antiholomorphic, that 7 ° b = oy, and that C b = — b ° 0. It is
clear that the set of translation parts for C forms a group under pointwise
operations. Denote this group by Trans(C). If b € Trans(C), then b © g, is a
holomorphic section of ¥V, which we call w,.

The mapping b w, defines an isomorphism of Trans(C) onto the group of
all sections w € Z such that C °c w ° 6y = —w.

In Chapter I, §8, it was shown that Z is isomorphic to HT, L/NL) for
suitable N. Let G, be a lifting of o, to an antiholomorphic mapping of X onto
itself. By the results of §3, we can find a linear operator A on W which
satisfies the conditions (1)-(4) of Theorem 1, and such that the mapping ¢
X X W— X X W, given by C(x, u) = (8,x, Au), induces C on V.

Let w be a section of ¥, and let & be a mapping &: X — X X W which
induces the section w on U. By the results of §9, Chapter I, we can write & in
the form &(x) = (x, ¢/N), where ¢ € L satisfies the condition p(y)(c) = ¢
(mod NL). Then the section C ° w ° o, is induced on U by the mapping
Co&o 65" (since o, has order two), which is given by C o & ° 6, '(x) =
(x, A(c)/N).

Therefore, the mapping w—C ° w © g, of Z into itself has the following
description in terms of HYT, L/NL). By condition (3) of Theorem 1,
A(L) = L, so A(NL) = NL. Therefore A acts on L/NL. Moreover, since
A? € p(T), A* must act trivially on HT, L/ NL). Thus A is an involution of
HOT, L/NL), and the group Trans(C) is isomorphic to the subgroup of
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HT, L/NL) consisting of elements / € HT, L/NL) such that A(/) =
-1

In Chapter IV, §13, we will determine the group H'(T, L) for special
choices of T and L, so that the problem of determining Trans(C) is reduced
to a reasonable computation.

If C’ is a fibre preserving complex conjugation of ¥ which is conjugate to
C by an element a € Aut(V), say C’ = aCa~', then Trans(C’) =
a Trans(C), so that the determination of Trans(C) depends only on the
conjugacy class of C. In Chapter III, §8, and Chapter IV, §§10-11, we will
discuss how to classify C up to conjugacy.

CHAPTER III. COHOMOLOGY WITH NONABELIAN COEFFICIENTS

1. Let G be a group. By a G-module, we mean a group A together with a
homomorphism of G into the group of automorphisms of 4. For g € G, we
denote the action of g on an element a € A by a-> %a.

By a l-cocycle of G valued in 4, we mean a mapping a: G — A4 such that
for all g, h € G we have a(gh) = a(g) %a(h). We denote by Z (G, A) the set
of all these 1-cocycles. This is a pointed set whose basepoint is the cocycle
which maps G onto the identity element of A. Given elements a, a’ of
Z (G, A), we say that a and a’ are cohomologous if there exists an element
b € A such that the equation ’(g) = b~ 'a(g) #b holds for every g € G. This
defines an equivalence relation on Z (G, 4). We denote by H'(G, 4) the set
of all the equivalence classes. This is a pointed set whose basepoint is the
cohomology class of the basepoint of Z!(G, 4). We call H'(G, A) the first
cohomology set of G with coefficients in 4.

2. Let A and B be G-modules. By a morphism from 4 to B, we mean a
homomorphism ¢: 4 — B such that for all g € G and a € 4 we have
o(%a) = *¢(a).

Let ¢: A —> B be a morphism. If a: G— A4 is a l-cocycle, then ¢ ° a:
G — B s easily seen to be a 1-cocycle valued in B. If a’: G — A4 is a 1-cocycle
cohomologous to a, then ¢ ° a’ and ¢ ° a are cohomologous as well.

In this way, ¢ determines a commutative diagram

Z'(G, A) zZe Z'(G, B)
\ \

Hl
(G 4) " H'(G, B)

in the category of pointed sets.
In this way, Z' and H' are seen to be functors from the category of
G-modules to the category of pointed sets.
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3. For the rest of this chapter, we will consider only the case where G has
two elements, say G = {1, g}. For any G-module 4, we denote the action of g
on A byar—aforalla € A.

The mapping a+>a(g) defines a bijection between Z (G, 4) and the set of
all elements a € A  a@ = a~'. In view of this bijection, we will often refer to
such elements of A as cocycles. If a,b € A are such, they determine
cohomologous cocycles if and only if there exists an element ¢ € A such that
a = ¢ 'be.

We will devote the rest of this chapter to examining some interesting
examples of these cohomology sets.

4. Let M be a differentiable manifold with a connection V, and suppose
that given any two points x, y € M, there is a unique geodesic joining x to y.
Let A be a group of connection preserving diffeomorphisms which act
properly discontinuously on M. Denote by M the quotient manifold and by V
the connection induced on M by V. Let o be a diffeomorphism of M onto
itself, other than the identity, such that o2 = 1,,, and suppose that ¢ preserves
the connection V.

Suppose further that ¢ has a fixed point x, fixed throughout this paragraph
and the next. Let % be a point of M representing x. We can find a lifting of o
to a connection preserving mapping 6: M — M such_that §(X) = X. (Proof.
Let 6’ be any lifting to M. It automatically preserves V. Since X represents a
fixed point of o, we can find a € 4 such that '% = ax. Then we can take
6=a"'d)

Then 62 € A4, and fixes %, so 62 = 1,;. Moreover, 6 normalizes 4, so we
can view A4 as a G-module, G = {1, 6}. As in §3, we denote 6aé by a for all
a€A.

5. We will now define, for the situation described in §4, a bijection between
H'(G, A) and the set of path components of the set of fixed points of o.

Let x, be a fixed point of ¢, and let X, be a representative of x; in M. Let G,
be the unique lift of o to M such that ,(%,) = %,. Then we can write 6, = aé
with a € 4. The element a is uniquely determined and satisfies aa = a(dad)
= 62 = 1,,. Thus, a is a 1-cocycle, determined by %,, of G valued in 4. If X
is another representative of x,, we can write X; = bx, with b € 4. If 6] is the
lift of o to M fixing %|, then we have b~ '6)b(%,) = X, = G,(%,), which implies
that b~'4; = 6,. If a’ is the l-cocycle determined by &, then we have
& = a'é so that a6 = b~'a’Gb, i.e. a = b~'a’GbG = b~ 'ab. Therefore the
cohomology class we obtain from x, is independent of the representative X,.

We claim that the cohomology class actually depends only on the path
component of x, in the fixpoint set of 0. For suppose x, belongs to that
component. Let p be a path joining x, to x, such thato o p = p. Let X, be a
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representative of x, in M, and let 5 be the unique lift of p to a path in M
beginning at x,. Let %, = 5(1). Let 6,, 6, be the lifts of o which fix X, X,
respectively, and write 6, = a6. Then since o fixes p, 6,p is a lift of p to a
path beginning at 6,(%,) = X, and so 6,5 = p. In particular, 6,(X,) =
6,(p(1)) = p(1) = %, = 6,(X,). So 6, = 6,. Therefore x, and x, determine the
same cohomology class.

This defines a mapping from the set of path components of the fixpoint set
into H!(G, A). It remains to prove it is a bijection.

First we prove it is injective. Let x,, x, be fixed points of ¢ and suppose
they determine the same cohomology class. Let X,, X, be representatives of x,,
x, respectively, 6,, 6, the corresponding lifts of ¢, and a and b the correspond-
ing cocycles. By hypothesis, these are cohomologous, so we can find ¢ € 4
such that a = ¢~ 'be.

Then ¢6, = caé = bcé = béc = d,c, so that G,(cX,) = cX,.

Let 5 denote the unique geodesic joining cX, to X,. Since 6, preserves v,
6 ° p is a geodesic and it joins 6,(cX,) = cX, to G(X,) = X,. Therefore 6p = p,
so that p lies over a path p in M which is fixed by ¢ and joins x, to x,.

Finally, we prove the mapping is surjective. Let a € 4 be a 1-cocycle and
let 6, = ad. We will be done if we can prove 6, has a fixed point. Let i1 € M.
If m is fixed by 6,, we are done. If not, let 5 be the unique geodesic joining
to 6,(s1). Then 6, ° p is the unique geodesic joining 6,(r) to rir, sO we must
have 6, ° j(#) = p(1 — ¢) for all t € [0, 1]. Then G,(5(3)) = (3) and we are
done.

6. (a) If we take M = X, A =T, V to be the Riemannian connection for
the natural metric on X, and take 0 to be a complex conjugation 6, of U, then
we conclude that the components of the fixpoint set of o, are classified by
H'(G, D). B

(b) If we take M= W,A =L,V to be the covariant constant connection
on W, and ¢ to be a complex conjugation on M = W/ L with respect to some
complex structure on M, then the components of the fixpoint set of o are
classified by H'(G, L). In this case, the components form a principal homo-
geneous space for the group H'(G, L).

(¢) If we take M = X X W, A =T, V= product of the two connections
given in (a) and (b), and o to be a complex conjugation of ¥V, then the
components of the fixpoint set of ¢ are classified by H (G, D).

7. Let R be a ring with unity and let @ be a unit of R contained in the
center of R. Let S denote the set of all elements x € R such that x> = a, and
suppose S is nonempty. Let x, be a noncentral element of S fixed throughout
this discussion. Then x, is a unit, and the mapping r>x 'rx, determines an
automorphism ¢ of R of order 2 which we denote by r—>r. If we take
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G = {1, ¢}, then the group R* of units of R is a G-module.

On the other hand, R* acts by conjugation on S since a is in the center of
R.

We will construct a bijection from the set R* \ S of R*-conjugacy classes
in S onto H'(G, R*). Let x € S. We can write x = xoa With « € R*. Then
a = x? = xgaxga = a(xy 'ax)a = aaa, so that aa = 1 and a is a 1-cocycle
valued in R*. Conversly, if a is a 1-cocycle, then x = x,a is clearly in S, so
every cocycle is obtained in this way. Finally, two elements x, y of S are
conjugate by an element r of R* if and only if r ~xq(xg x)r = xo(xg ¥),

ie. iff 7(xg Y)r~' = xg 'x,

i.e. iff the cocycles x4 'x and x, 'y are cohomologous.

8. Let o, be a complex conjugation of U. Denote by 9U(a,) the set of all
complex conjugations of ¥ which preserve the image of 7, and which induce
on U the complex conjugation o, Suppose that 9(oy) is nonempty. Let
C, € M (o,) be an element fixed throughout this discussion. Let G = {1,.
C,). If a € Aut(V), then CoaCy € Aut(¥V) as well. In this way, Aut( V)is a
G-module.

The group Aut(¥) acts on the set 9 (op) by conjugation. We will define a
bijection of the set Aut(¥)\ 9N (o,) of Aut(¥) conjugacy classes in N(0p)
onto H'(G, Aut(V)).

Given C € (o), we can write C = aC, uniquely with a € Aut(¥). Then
1, = C?* = a(CyaC,) = ad, so a is a 1-cocycle. Conversely, it is clear that
every l-cocycle is obtained in this manner.

If C, C’ € 9N(ay), and C = aC,yand C’ = BC,, then a and B are cohomo-
logous iff 3 y € Aut(¥) such that 8 = y~'ay. This is equivalent to saying
C’' = BCy =y 'ayCy = Yy 'aCyy = v~ 'Cy, i.e. that C’ and C are conjugate.

CHAPTER IV. SOME SPECIAL CASES

1. Let D be a totally indefinite quaternion division algebra over a totally
real number field K, and let n = [K : Q].

Let O be an order in D, let O* be the group of units in O, let ©' be the
subgroup of O* consisting of units of reduced norm 1, and let ' C O be a
torsion-free subgroup of finite index in O'.

We identify Dg = D ®,R with M,(R) X - - - X My(R), where the
number of factors is n. Let X equal the product IC X - - - X I of n copies
of the upper half-plane.

Denote by D the group of units GL(2, R) X - - - X GL(2, R) of Dy, and
by D the subgroup SL(2, R) X - - - X SL(2, R) of Dg.

We define an action of D on X as follows. Given g = (&), - - - » 8») € Dg,
where
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for v=1,...,n, and x =(x},...,x,), we put g-x=x"=(x},...,X;)
where
ax,+b
— ifad — b 0,
cx, +d, vy vCo >
X = _
g al’xll+bl‘ .
—— ifad — b, <O
¢,Xx, +d,

Then Dg acts as isometries of X for the Bergmann metric.

Denote by =, the group of permutations on the set {1, 2,...,n}. 2, acts
as a group of automorphisms of Dy and as a group of isometries of X. In
both cases, the action is given by the rule

@ . (xl, e ,Xn) = (x@(l), P x@(,,)) fOl'@ € 2,,.

3, also acts as automorphisms of the product PGL(2,R) X - - - X
PGL(2, R) of n copies of PGL(2, R) in the same way. Denote by G* the
semidirect product 3, - PGL(2, R)".

2. If ¢ is an automorphism of Dy, it induces an automorphism on the
center K = K ® R =R X - - - XR. Since R has only the identity auto-
morphism, that automorphism of Kz must belong to Z,. Call that permuta-
tion @. Then @~  y is an automorphism of Dy which is the identity on the
center Kg, and therefore induces an automorphism on each of the factors
M,(R) of Dg.

By the Skolem-Noether theorem, it follows that the automorphism
@' ° ¢ is an inner-automorphism x+>axa~! with a € D. It follows that
the group Aut(Dg) is the semidirect product of =, with the group of
inner-automorphisms of Dg. The group of inner-automorphisms is just Dg
modulo its center, which is GL(2, R) X - - - X GL2, R)/R* X - - - X R* =
PGL(22, R) X - - - X PGL(2, R).

Thus Aut(Dy) is isomorphic to G*.

Let ¢ be an automorphism of Dy and let w be the corresponding isometry
of X. ¢ induces an automorphism on Dg, and therefore on the group Dg
modulo its center, which is PGL(2, R) X - - - X PGL(2, R). On the other
hand, the inner automorphism of G* determined by w leaves PGL(2, R)
X + ++ X PGL(2, R) invariant and induces an automorphism on that group
which coincides with the automorphism determined by . This is easily seen
to be true. If ¢ € 2, it is obvious. If y € PGL(2, R) X - - - X PGL(2, R), ¥
acts by conjugation on Dy, and therefore also acts by conjugation on G¥, so it
obviously coincides with the conjugation by w. We will denote by I" the
image of T in Isom(X). Our hypotheses imply that I is mapped isomorphi-
cally onto I".
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3. The elements of D act as isometries of X. The kernel of this action is
again the center of Dg, so that the action factors through PGL(2, R)
X + -+ X PGL(2, R). The subgroup PSL(2, R) X - - - X PSL(2, R) acts
transitively on X. If ¢ is an isometry of X, it can be written uniquely as the
composition of an element g € PGL(2,R) X - - - X PGL(2, R) and a
permutation @ € Z,. In this way, the group Isom(X) of isometries of X is
canonically isomorphic to G*.

It follows that Aut(Dg) and Isom(X') are isomorphic.

4. Denote by x — x the canonical involution of D given by x = tr(x) — x,
where tr: D — K is the reduced trace. Let S € O be a nonzero element such
that S = — S. Define a skew-symmetric Q-bilinear form By: D X D — Q by
the rule By(x,y) = trp,o(SXp). B, is easily seen to be integer-valued on
O X O and nondegenerate.

Put W = Dy, B = R-bilinear extension of B, to Dy, and take L = 2-sided
O-idealin O.

For the action of D§ on X defined in §1 of this chapter, ' acts
holomorphically and properly discontinuously on X. Denote by p the left-
regular representation of Dy on itself. We will also denote by p the
restrictions of the left-regular representation to Dg and to I'.

For y €T C ©', we have yy = 1. Therefore, for any x, y € D we have
By(yx, 1) = trpq(S ()W) = tro(S¥T1) = trp/o(ST) = B(x, y), 50
p(y) preserves B, and therefore B as well.

Moreover, p(y)L = Y2l = %A = L and since % C O, B is integer-valued on
L x L...p maps I into Aut(W, B, L).

We define @,; X — Iz as follows. Denote by J the element
(.8, ...,C, ) € Dg, and denote by z, the point (i, i, . . . , i) of X. For
z € X, we can find g € Dg such that g o zy = z. We then define @y(z) =
p(glg™Y) = p(J'g 7 'g™"). It is easy to see that this is well defined.

For y € T, we have g4(vz) = p(v8/g "'y ") = p(¥)@o(2)p(y) ~". It is easy to
see that the mapping g, is holomorphic. We will omit the details.

5. In this section, we prove that ' contains a basis for D over Q. Let
D, = Q[I'] denote the Q-linear span of I'. Then D, is a division algebra over
Q. We would like to prove that D = D,. Let p, denote the left-regular
representation of T' on D, and on Dyg = D, ®o R. We can view D as a
left-vector-space of dimension m over Dy, so that Dy = Dgg X - + - X Dog
(m copies). Therefore D = Dji X - - - X Dy, and if we denote by Z the
center of D, we have that PSL(2,R) X - - - X PSL(2, R) (n copies) is
isomorphic to the connected component of (Dfg/Z) X - - - X (Dgg/ Z)-
Using a basis for D over D, we can view p as the direct sum of m copies of
po- Now, T acts on PSL(2, R) X - - - X PSL(2, R) by conjugation, and it is
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not difficult to see that this corresponds, under the above isomorphism, to the
action of I'on (Dgg/Z) X - - - X (Dgg/ Z) given by

Y- (812, 822, e ooy 8mZ) = (po('y)slz, e ey po(Y)&mZ).

Let m, i = 1,..., m, denote the projection of (Dig/Z) X - - - X (D§r/Z)
onto its ith factor. Let H = PSO(2) X - - - X PSO(2) C PSL(2, R) X - - - X
PSL(2, R). H is a maximal compact subgroup, and its image in (Dgg/Z)
X + ++ X (Dgg) which we call H’, must be a maximal compact subgroup.
Therefore, H' = m(H") X - -+ X @, (H’).

Let X; = (Djg/Z)/m;(H’). Then we have X = X, X - - - X X,,, and this
isomorphism is compatible with the action of T.

Now suppose that m is greater than 1.

Then I' \ X can be viewed as a fibre bundle over I' \ X, whose fibre is
Xy X -+ XX, Since I'\ X is compact, I' \ X, and X, X - - - X X,, must
also be compact. However, since each #;(H’) is compact, X, X - - - X X, is
compact if and only if Ddg/Z is. But that would imply that PSL(2, R)
X -+ XPSL(2,R) = (Djg/Z) X - - - X (Dgg/Z) is compact, which is a
contradiction. Therefore m = 1, D, = D, and we are done.

6. Let o, be an antiholomorphic involution of U. Let 6, be a lifting of o, to
an antiholomorphic mapping of X into itself. It is not hard to prove that 4,
must be an isometry of X for the Bergmann metric. Moreover, we can choose
G, to be an involution of X if and only if ¢, has a fixed point. Let { be the
automorphism of Dy corresponding to 6, under the canonical isomorphism of
§3. Then ¢ must leave I invariant.

LEMMA. ¢ © @g(x) = — @o(6¢(x)) ° ¢ for every x € X.

PrROOF. By §3, we can write y = @ ° T, where h € Dg, and T, denotes
the inner-automorphism determined by 4. Since 6, is antiholomorphic, we can

choose h = (hy, ..., h,) € Dgsothatdet(h) = —1fori=1,...,n.
Let a=((%),...,(%) € Dg. Let x € X. We can write x = g- z,,
whereg = (g,,...,8,) € Dg,and zy = (i, i, ..., i) asin §4.

Then it is easy to check that h-z = (hga) ° z,, since a ° z, = z,, and the
element hga belongs to Dg. Therefore @y(h © z) = p(hgaJag™'h~1) =
—p(hgJg~'h~"). Fory € Dy, we have then

po(h-2)(y) = —hgJg"'h7Yy
= —h((ng")(h‘bzh))h“ = —T,°qy(2) ° T, '(»),

SO that (po(h M Z) Th = - Th ° Q)o(z). Flnally
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‘Po(éo °z) = ‘Po(@ ° (Thga) ° zo)
= p(@(hga)J @(hg) ")
=@ ° p((hga)J (hge)™') e @7

=@o¢po(h-z)o@_l = —@oT'hO(po(z)c:;h_lc»@"l
SO oGy © 2) © Y = — Y © @o(2), as desired.

7. Let o, be as in §6. Let ¥ be the Kuga fibre variety defined in §4 of this
chapter, where we take % = O. Our object in this section is to prove the
following result. -

THEOREM 2. Suppose that o, has a fixpoint. Let 6, be a complex conjugation
of X covering o, and let  be the corresponding automorphism of Dy. Then o is
induced by a complex conjugation of V if and only if $(0) = 0.

PROOF. (=) Suppose o, is so induced. Then by Theorem 1 of Chapter II,
§3, and the results of §2 of this chapter, we can find an operator 4 on W such
that

4% =1,.

(2) A normalizes p(T) and induces the automorphsim ¢ on I'.

(3)4(©)=0.

(@) A o go(x) = — @o(Gpx) ° 4 for all x € X.

Let B = Ao . Since 42 = y?> = 1, forany y €T and any y € W, we have

Bop(y)e B '(y)=Aoyop(y)oye°A(y)
= AWX)A(») =4 °p(¥(v)) ° 4(»)

= o(¥™)(») = p(7)(»)-

Thus, B commutes with the elements of p(T). By the results of §6 of this
chapter, T' contains a basis for Dg over R, so B commutes with the elements
of p(Dg). Therefore B has the form x> xb with b € Dyg. Therefore, A is given
by A(x) = Y(x)b for all x € Dg. By (3), we have O = A(0) = ¢(0)b =
Y(O)W(0)b = Y(0)0, since ¢(O) is an order, and therefore Y(0) C O.
Applying ¢, we get O = ¢*(0) C ¢(0),s0¢(0) = 0.

(<) Suppose Y(0) = 0. Let A = y. Then we claim (1)-(4) are satisfied.
For (1) and (2), it is obvious, (3) holds by hypothesis, and (4) holds by the
lemma of §6.

8. In the situation described in §§4-5, we now take O to be a maximal
order. Let T € D*, and suppose that TT'T~! = T. Then the action of T on X
induces a mapping on U = I' \ X. Moreover, if we require that T? € K°T
and that the reduced norm »(T) of T be a totally negative element of K, then
that induced mapping will be a complex conjugation of U, which we call o,.
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THEOREM 3. In order that o, be induced by a complex conjugation of V, it is
necessary that TO = OT and that K (\/— v(T) ) be embeddable in D over K.

If the ideal class group of K is generated by the primes of K at which D is
ramified, then these conditions are also sufficient.

PROOF. Let ¢ be an element of K ®, R whose square is —»(T), and let

6o=c”!T. If we write 6,=(6,...,0,), then det(6)= —1, for i=
l,...,n, and G, determines an antiholomorphic mapping of X into itself

which covers ;. Suppose o, is induced by a complex conjugation of V. Then
by the results of Chapter II, §3, we can find an operator 4 on W such that:

(1) 4% = p(6)>.

(2) A normalizes p(I') and induces on I' the same automorphism that 6,
does.

B)AM) = A.

@) Apy(x) = — @o(Fo- 2)A.

Let A, = p(o,) and let B = A;'4. Since A and A, induce the same
automorphism on p(T'), it follows that B commutes with the elements of p(T').
Therefore, B commutes with the elements of p(Dg) and is of the form xt> xb,
with b € Dg. Since B commutes with the elements of p(Dy), in particular, B
commutes with 4, so A commutes with A,. Therefore, since 4% = 42, by (1)
we have B2 = 1,50 b? = 1.

By (3), we have A = A(X) = A,B(N) = 6,UAb. Let B =c~'b. Then A =
6,Ub = TAB, so that B € D*, B2 =2 = — »(T), so K(V —»(T))
embeds in D.

Since O is maximal, O is the left order of 9, and TOT ~! is maximal. Then
A=TAB = TOAL = TOT'TAB = TOT'A so that TOT!' C O,
which implies 70 = OT.

Conversely, let ?,,...,?, be the distinct primes of K where D is
ramified, and suppose that they generate the ideal class group of K. We will
prove that the conditions TO = OT and K(} — »(T) ) embeddable in D
imply that g, is induced on U by a complex conjugation ¢ of V.

We can, by multiplying T by an element of K* if necessary, assume
without loss of generality that 7 € O and there is an element § € O such
that 62= — »(T) =% Put b= c"'8, B = c~%, and let B € GL(Dg) be
defined by B(x) = xb for all x € Dg. Then B commutes with p(Dg). Let
Ay = p(6,) and let A = A B, so that for x € Dy, we have A(x) = Gyxb. We
clearly have B> = 1, .

We will prove that A4 satisfies the condition (1)+4) given in the direct part
of this proof.

PrOOF OF (1). Since A, € p(Dg), Ay and B commute. Therefore, A% =
(40B) = A3B* = A5 = p(Gy).
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PRrOOF OF (2). Since B commutes with p(T'), this is obvious.
ProOF OF (3). For each prime ideal B of K, there is a unique maximal ideal
My of O containing P 0. We have

M if D is unramified at &,
MY if D is ramified at &P .

It is well known that the finitely generated two-sided submodules of D
(other than (0)) form an abelian group under ideal multiplication, which is

freely generated by the JMy’s.
By hypothesis, TO = OT is a two-sided ideal in O. Therefore, we can write

TO =] Iz
P

uniquely with ng > Oforall .

If 9 is a prime of K, then ? = @, so that Mg is a maximal ideal
containing @ 0, and therefore Mg = M. Here, of course, X denotes, for all
x, the image of x under the canonical involution of D over K. It follows that
B =P for any two-sided O-module P. Let P = {?,..., ¥, }. Taking
reduced norms, we now see that

wW(T)0 = I o [1 92
PepP PepP

Since the primes in P generate the ideal class group of K, we can find an

element ¢ € K*, and integers m,, . . . , m, such that

I 9e=nt]1] o

P &P i=1

|

Then we have
v(nT )0, = II Pre+2m,
i=1

It is obvious that T and nT induce the same automorphism on T, that
nTO = OqT, and that K (\/— »(T))= K(\/ — »(nT) ). Therefore, replacing
T by 4T if necessary, we may assume without loss of generality that for
P & P,ng=0.

Since 82 = — »(T), it follows that for @ & P, § is a unit in Og, so that
80y = 0g8 = Og. For ® € P, Dy is a division algebra, so §0g = Ogd
automatically.

Therefore §0 = 04. Since 62 = — »(T), we have

(60)*= 8060 = 8§20 = »(T)0
= TTO = TOTO = (TO)(TY) = (T9)%
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so that 80 = TO and so T8~ ' € O*. Therefore, TB = Toc™2 =
T6(—vw(T))"'=T88 2= T6 ! € ©*, so that

AX) = TAB = TAT " 'TR = TOAOT ~'TB
=(TO)YW(T'O)TB =ATR = A.
PROOF OF (4). It follows immediately from the result of §6 that 4, ° gu(x)

= @o(d¢x) ° Ay. Since B commutes with the elements of p(Dg), and since
@o(x) € p(Dyg) for all x, we have

A 2 @o(x) = B o Ay° @o(x) = B o go(px) ° A4
= —@o(Gpx) © B o Ay = —@o(Gpx)4,
as required. Q.E.D.

9. In this section, we will describe the endomorphism ring of V. Let
a € End(V), and let @ be a holomorphic mapping of X X W onto itself
which induces @ on U. We can take & to be of the form (x, u)—(x, @(u)),
where @ is a linear operator on W. It follows that @ must commute with the
elements of p(T') and therefore @ is of the form u>u - a, with a € Dg. Since
@ must preserve %, @ € D and belongs to the right order O’ of 9. Conversely,
if a € 07, then one can show, using a proof similar to the proof of Theorem
2, that (x, u) — (x, ua) induces an endomorphism of V. We omit the details.
For a different approach, see Shimura [2].

10. Let oy, 6y, ¥, ¥, and in particular %, be as in §7 of this chapter. Then
A = 0, and so the right order of A is O. In this way, we have End(V) = 0.
Suppose that y(0) =

Let C be the complex conjugation of X X W given by C(x, u) =
(6ox, ¥(4)), and let C be the complex conjugation induced on ¥ by C. Let
G = {1, y}. We can view O as a G-module in two different ways, as follows.
For a € End(V), C ° a ° C also belongs to End(¥). Thus, letting G act on
End(V), by conjugation, via {1, C}, End(¥) becomes a G-module.

Using the identification of End(¥) with O, O becomes a G-module, which
we call M.

On the other hand, by hypothesis, ¢(0) = 0, so that by letting G act on O
via {1, ¢}, O becomes a G-module which we call M,.

We will prove that M, = M,, in other words, that these two G-actions are
the same.

Let a € 0. Then « acts on X X W by the rule (x, u)a = (x, ua). Call that
mapping & The endomorphism C ° a ° C is induced on V' by the mapping
CodoC: XXWo>XXWgivenby Coao C(x,u) = C o @(6,x, Y(u))
= C(6ox, ¥(u)a) = (x, wp(a)). Thus C o a o C is the endomorphism
corresponding to y(a), which proves our assertion.
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11. By the results of Chapter III, §7, we can identify the set of Aut(V)-
conjugacy classes in w(a,) with the cohomology set H'(G, Aut(¥)). By the
results of §10, we can identify this set with H'({1, ¢}, 0*). Now suppose that
Y is inner. Let T € O such that y(x) = TxT ~' for all x € D. Since y* = 1,
T? € K, and since ¢ # 1, T & K. Therefore T = — T, so T> = — »(T). By
the results of Chapter III, §6, we can identify H'({1, ¢}, 0*) with the set of
0*-conjugacy classes of elements 8 € O such that &%= — »(T). This
cohomology set was computed in [4], [6].

12. We continue with the assumptions and notations of §10. By the results
of that section, the action of {1, ¢} on O via {1, ¢} coincides with the usual
action of {1,y} on 0.

On the other hand, the automorphism induced by 6, on T' coincides with .
Therefore, we can say unambiguously that the composition T = ©*

5 Aut(¥V) is a morphism of G-modules.

By Chapter III, §2, there is an induced mapping H'(G,T) -
H'(G, Aut(V)). By the results of Chapter IIL, §5, we can identify H'(G, T)
with the set of path components of the fixpoint set of a,.

It follows now that every component of the fixed point set of o, determines
an Aut(¥)-conjugacy class of liftings of 6, to V.

13. If N is a positive integer, we denote by T, the group of all y € 0' such
that y — 1 € NO. For sufficiently large N, Ty is torsion-free, and for all N,
Ty has finite index in O'.

In this section, we will compute H'!(Ty, 0)°®. Our result is that
HY(Ty, 0)°*is isomorphic to O /NO.

For every prime @ of K, denote by Ky the completion of K at @ and by
Og the closure of O in Dg = D ®, K. Let 0% denote the group of units of
Oy, and write T'J for the subgroup of 0% consisting of all y € 0% whose
reduced norm is 1, and such that y — 1 € NOg. By the approximation
theorem, T is dense in T'§, for every .

Let ng = ordg N for every &. Then T'y and I'y have the same image in
Og/P"*! 04 for every I > 0, namely they both map onto

{x € 0g/F"* Oglr(x) = 1 and x — 1 € P*205/F"*'0g}.

Here, of course, » denotes the mapping Og/P"o+/0g — Oy /FP"o+ 0y,
induced by the reduced norm mapping D — K.

It is clear that P/ 04/ P 04 C HOTS, 05/ P 2*!04). We will prove the
inclusion is actually an equality.

Case 1. D is ramified at 9. Then Dy is a division algebra over Kg and Og is
a valuation ring with maximal ideal & . Therefore O5/%"2*!Og is a valuation
ring whose maximal ideal is 9 O/ 9P"**'0g. Let x € HTy, 09/ 3"+ 0g).
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Let y €TY be an element such that its image in Og/9P"**/04 does not
belong to (1 + P"2*10,)/P"#+! 0.

This is possible in view of our determination of the image of Iy
09/ 9P+ 0g. We have ordg(y — 1) < ng.

Since x = yx = x + (¥ — 1)x, we have (y — 1)x = 0. Therefore ordgx >
(ng + I) — ordg(¥ — 1) > I, which proves that x € ¥' 05/ P"#*/0q. There-
fore ' 0| P /0 = HOTY, 05/ FP"7+!0g).

Case 11. D is unramified at 9’ Then Dy = M,(Kg) and Og = M,(Og,).

Denote by R} the residue class ring O, /9"**/ O, . Then 05/ gra¥i 0g is
isomorphic to M,(R%) in such a way that the image of I‘g’ corresponds to

{x € My(RY)idet x = 1 and x = (2 9) (mod gmm(R5))).

Let 7 € Ok, be a prime element, and denote by 7 its image in RS,

Then
1 " 1 0)
(0 1 ) and (ﬁ"" 1

both belong to the image of 'y in M,(R$).

Let
(g 3) € HO(TE, 05/9"+105).
Then
(2 5= 7N B)=(erdm 2im)
and

(a b)=(1 o)(a b)=( a b )
c d 7" 1/\¢ d T"%+c  q%b+d

so that 7%% + 779 = 779. = 779, = 0. Therefore, a, b, ¢, d € P'R), so that
@ b) € 9'M,(RL). This proves that P 05/ P"e*'0g = HTF, 05/ F"**!0g).

Since the inclusion O /P"*'0 < Og/P"?+!04 is an isomrophism and

since T'y and T'J have the same image in O5/%"7*/ 04, we conclude that
PO /Pro*0 = HO(Ty, 0 /F"*'0).

As we remarked in Chapter I, §8, for any positive integer M,
H%Ty, © /MNO) is naturally isomorphic to the MN-torsion in H'(Ty, 0).
Moreover, we observed that H'(Ty, )" is a finite group. Therefore, for
suitable M, we have H)Ty, O /MNO) = H\(Ty, 0)°™.

For every prime 9 of K, let Iy = ordg M. Then O/MNO

=r, 0 /9"s*!s0, so that by what we have proved above, we have
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HO(Ty, 0/MNO) =@ HO(Ty, 0/9"*'20)
g? PloQ /Pre¥is = MO/MNO = O/NO.
Therefore, H'(Ty, 0)°* = O /NO.
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